Dynamic investigations of multimass discrete-continuous systems having variable moment of inertia are performed. The systems are torsionally deformed and consist of an arbitrary number of elastic elements connected by rigid bodies. The problem is nonlinear and it is linearized after appropriate transformations. It is shown that such problems can be investigated using the wave approach. Some analytical considerations and numerical calculations are done for a two-mass system with a special case of boundary conditions.
Introduction
The torsional vibrations of the systems with variable inertia usually are discussed using discrete models; see [1, 3, 6, 7] . In [1] a two-mass discrete-continuous system is considered and the forced response of variable inertia is studied. From the technical literature it follows that variable inertia problems play an important role in dynamics of various mechanism and machines undergone torsional deformations, [1, 3, 6, 7] .
In the present paper the results of [1] are generalized to multimass systems and the wave method is applied reducing appropriate problems for the solution of differential equations with a retarded argument. The derived equations are the base for appropriate numerical calculations. Some analytical considerations are presented for a two-mass system, according to [1] , with a special case of boundary conditions.
Governing equations for a multimass system
Consider the discrete-continuous model of a system which consists of a suitable number of rigid bodies connected by means of shafts, Figure 2 .1. The shafts are deformed torsionally and their central axes, together with elements settled on them, coincide with the main axis of the system. The x-axis is parallel to the main axis of the system, and its origin
coincides with the position of the left-hand end of the first shaft in an undisturbed state at time instant t = 0. The ith shaft, i = 1,2,...,N, is characterized by length l i , density ρ, shear modulus G, and polar moment of inertia I 0i . The ith rigid body of the model is characterized by the mass moment of inertia J i . The mass moment of inertia of the last rigid body depends on the solution, that is,
The rigid body J 1 represents an electrical motor and is loaded by the motor torque
, where M 0 is the nominal torque, Ω 0 is the nominal angular velocity, and K is the slope of the motor characteristic. In further considerations it is assumed that the motor operates at a constant angular velocity Ω 0 . The last rigid body is loaded by an equivalent resistance torque equal to M N+1 = M 0 ; see [1] . Damping in the system is neglected. We are interested in a forced response resulting from the variable inertia of (N + 1)th rigid body. For this reason, initial conditions are omitted.
Under the above assumptions, the determinations of displacements θ i of the elastic elements of the considered system are reduced to solving N classical wave equations
with the following boundary conditions:
The condition in the cross-section x = l 1 + l 2 + ··· + l N can have various forms. The aim of the paper, however, is to generalize some results given in [1] , so this condition is taken A. Pielorz and M. Skóra 3 in the form postulated in that paper. According to [1] , this condition includes the nonlinear Eksergian equation. The problem (2.1)-(2.2) is nonlinear. In order to obtain some effective solutions it is linearized. In order to linearize the last boundary condition in (2.2), new unknown functions are proposed:
the variable mass moment of inertia J N+1 (θ N ) is expended in a Taylor series around Ω 0 t, and second-and higher-order terms are neglected. Besides, the static deformations corresponding to the nominal torque moment M 0 appearing in the first and the last conditions can be separated by introducing the following new transformations:
Then, after omitting the index d for convenience, the problem (2.1)-(2.2) is reduced to solving N equations
with linear boundary conditions
It is seen that though the first and the last conditions in (2.6) do not depend on M 0 , this moment occurs in the relations for displacements in cross-sections where rigid bodies are located. However, when angular velocities and strains are considered, no effect of M 0 is observed. The same takes place in the case of a two-mass system with N = 1. Moreover, it is seen now that the last boundary condition has such a form that a direct effect of variable inertia can be investigated.
Modeling of systems with variable inertia
Upon the introduction of the following dimensionless quantities:
the determination of angular displacements α i (x,t) is reduced to solving N equations
where α 0 is a fixed angular displacement, C i = M 0 (K r B i ) −1 l i , and the bars denoting dimensionless quantities are omitted for convenience.
The solutions of (2.8), similarly to problems discussed in [2, 4, 5] , are sought in the form
(2.10)
The functions f i and g i represent here the waves, caused by variable inertia, propagating in the ith shaft in the positive and negative directions of the x-axis, respectively. They are continuous and equal to zero for negative arguments. In (2.10) it is taken into account that the first disturbance appears in the ith element in the cross-section
Substituting the solution (2.10) into the boundary conditions (2.9) and denoting the largest argument in each boundary condition separately by z, we obtain the following set A. Pielorz and M. Skóra 5 of ordinary differential equations for unknown functions f i and g i :
In (2.11) coefficients are variable. They are solved numerically with zero initial conditions, similarly to equations derived in [2, 4, 5].
Analytical approach for N = 1
According to [1] , the analytical approach can be used in the discussion of discretecontinuous systems with variable inertia when N = 1. Then we have the single equation of motion:
and two boundary conditions:
An arbitrary function J 2 (θ) can be expressed in the form of a Fourier series,
where in our case θ = Ω 0 t. Upon substituting it to the boundary conditions, using a method of a small parameter ε = a c /a 0 , seeking the solution in the form α 1 (x,t) = α 10 (x,t) + εα 11 (x,t) + ε 2 α 12 (x,t) + ··· , (3.4)
6 Modeling of systems with variable inertia and collecting the terms of like power of ε, we obtain equations of motion: 
Analogously appropriate relations for α 12 ,α 13 ,... in x = 1 can be derived. We are interested in a forced response, so α 10 (x,t) = 0, and the solution for α 11 , according to (3.8), is sought in the form
This solution satisfies the relation for x = 0, and from the relation for x = 1 the amplitudes A 11m and B 11m are determined. They are equal correspondingly to
10)
where β m = mΩ 0 . The above relations are the same as in [1] and they can be used, apart from (2.11) with N = 1, in numerical calculations for the system with a single elastic element. In multimass systems, (2.11) with a retarded argument and with variable coefficients are proposed to be applied.
Numerical results
In the beginning, numerical calculations are performed for a two-mass system using (2. 
Conclusions
From the considerations presented in the paper it follows that the problem of the torsional two-mass system with variable inertia discussed in [1] can be generalized to a multimass discrete-continuous system in such a way that the wave method can be applied in the study. An analytical solution in a special case is derived. The analytical approach and numerical solution for N = 1 give comparable results only in steady states.
